MTH 166

Lecture-28

Divergence and Curl of a Vector Field




Topic:
Vector Differential Calculus

L_earning Outcomes:

1. To calculate divergence of a vector field

2. To calculate curl of a vector field



Let the given vector field be ¥ = v, + v,j+ vak
Let us consider a vector differential operator V= (ii +7 2+ k i)
P - dx J dy 0z

Divergence: It is dot product between V and # and is given by:

div(®) = V.5 = (13- + 55 + k). (2l + vaf+ v3k)
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Divergence is always a scalar quantity (Having no direction).
Note: If div(v) = 0, then vector v is called Solenoidal or Incompressible.

That means the field has no sources and no sinks.



Curl: It is cross product between V and % and is given by:

| k
curl@ =vxp=|2 2 29
dx 0dy 0z
V1 VUV V3

Curl is always a vector quantity.

Note: If curl(w) = 0, then vector  is called Irrotational or Conservative.
Two Important Properties:

1. div(curl(v)) = 0 (Always)

2. curl(grad (f)) = 0 (Always)




Problem 1. Compute div(v) and curl(v) and verify that div(curl(v)) = 0 where
U = xi + 2yj+zk

Solution. Here v = xi + 2yj+ zk

Comparing with: = v,i + v, j+ vk

Vi=X, V4 =2y, VI=2Z
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= 0{ — 0f + 0k = 0 (Irrotational)

div(curl()) = div(0) = 0



Problem 2. Compute div(v) and curl(v) and verify that div(curl(v)) = 0 where
U = xyl + yzj + zxk

Solution. Here o = xyi + yzj + zxk

Comparing with: = v,i + v, j+ vk

V1 = xy, V1 = yZ, V1 = 2zZX
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curl@) =vVxs=|2 =2 9
dx 0dy 0z dx OJdy 0z
vV, Uy Vg Xy YZ ZX
_~f0(=zx) 0(yz)\ (0(zx) 0(xy) > (0(yz) Jd(xy)
_l(ay az) ](ax az)+k(6x ay)
= —yi —zj — xk
div(curl(#)) = div(—yt — 2} — xk) = X2 4 ° f;yz) T

=04+0+0=0



Problem 3. Compute grad (f) and verify that curl(grad (f)) = 0 where f=x+y—2z°
Solution. Let f(x,y,z) = x + y — 2z*
:>fx — 1)fy — 1'fz = —4z

Then gradient of scalar field f is given by:

grad(f) = Vf = (f i+ f,j + k) =1 +] — 4zk

i 7k
curl(grad (f)) = % % ai =0{+0j4+0k=0
1 1 -4z




Problem 4. Compute grad (f) and verify that curl(grad (f)) = 0 where f = 16xy322
Solution. Let f(x,y,z) = 16xy3z*

= f, = 16y°z%, f, = 48xy?z*,f, = 32xy°z

Then gradient of scalar field f is given by:

grad(f) = Vf = (i + f,] + k) = 16y3221 + 48xy?2?] + 32xy3zk
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curl(grad (f)) = Py 3 Py =0l+0/+0k=0
16y3z% 48xy?z*¢ 32xy3z
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