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Lecture-28

Divergence and Curl of a Vector Field



Topic:

Vector Differential Calculus

Learning Outcomes:

1. To calculate divergence of a vector field

2. To calculate curl of a vector field



Let the given vector field be Ԧ𝑣 = 𝑣1 Ƹ𝑖 + 𝑣2 Ƹ𝑗+ 𝑣3 ෠𝑘

Let us consider a vector differential operator ∇= Ƹ𝑖
𝜕

𝜕𝑥
+ Ƹ𝑗

𝜕

𝜕𝑦
+ ෠𝑘

𝜕

𝜕𝑧

Divergence: It is dot product between ∇ and Ԧ𝑣 and is given by:

div Ԧ𝑣 = ∇. Ԧ𝑣 = Ƹ𝑖
𝜕

𝜕𝑥
+ Ƹ𝑗

𝜕

𝜕𝑦
+ ෠𝑘

𝜕

𝜕𝑧
. 𝑣1 Ƹ𝑖 + 𝑣2 Ƹ𝑗+ 𝑣3 ෠𝑘

=
𝜕𝑣1

𝜕𝑥
+

𝜕𝑣2

𝜕𝑥
+

𝜕𝑣3

𝜕𝑥
(∵ Ƹ𝑖. Ƹ𝑖= Ƹ𝑗. Ƹ𝑗= ෠𝑘. ෠𝑘=1)

Divergence is always a scalar quantity (Having no direction).

Note: If div 𝒗 = 𝟎, then vector Ԧ𝑣 is called Solenoidal or Incompressible.

That means the field has no sources and no sinks.



Curl: It is cross product between ∇ and Ԧ𝑣 and is given by:

curl Ԧ𝑣 = ∇ × Ԧ𝑣 =

Ƹ𝑖 Ƹ𝑗 ෠𝑘
𝜕

𝜕𝑥

𝜕

𝜕𝑦

𝜕

𝜕𝑧

𝑣1 𝑣2 𝑣3

Curl is always a vector quantity.

Note: If curl 𝒗 = 𝟎, then vector Ԧ𝑣 is called Irrotational or Conservative.

Two Important Properties:

1. div(curl( Ԧ𝑣)) = 0 (Always)

2. curl(grad (𝑓)) = 0 (Always)



Problem 1. Compute div Ԧ𝑣 and curl Ԧ𝑣 and verify that div(curl( Ԧ𝑣)) = 0 where

Ԧ𝑣 = 𝑥 Ƹ𝑖 + 2𝑦 Ƹ𝑗+ z෠𝑘

Solution. Here Ԧ𝑣 = 𝑥 Ƹ𝑖 + 2𝑦 Ƹ𝑗+ z෠𝑘

Comparing with: Ԧ𝑣 = 𝑣1 Ƹ𝑖 + 𝑣2 Ƹ𝑗+ 𝑣3 ෠𝑘

𝑣1 = 𝑥, 𝑣1 = 2𝑦, 𝑣1 = 𝑧

⇒
𝜕𝑣1

𝜕𝑥
= 1,

𝜕𝑣2

𝜕𝑦
= 2,

𝜕𝑣3

𝜕𝑧
= 1

div Ԧ𝑣 = ∇. Ԧ𝑣 =
𝜕𝑣1

𝜕𝑥
+

𝜕𝑣2

𝜕𝑥
+

𝜕𝑣3

𝜕𝑥

= 1 + 2 + 1 = 4



curl Ԧ𝑣 = ∇ × Ԧ𝑣 =

Ƹ𝑖 Ƹ𝑗 ෠𝑘
𝜕

𝜕𝑥

𝜕

𝜕𝑦

𝜕

𝜕𝑧

𝑣1 𝑣2 𝑣3

=

Ƹ𝑖 Ƹ𝑗 ෠𝑘
𝜕

𝜕𝑥

𝜕

𝜕𝑦

𝜕

𝜕𝑧

𝑥 2𝑦 𝑧

= Ƹ𝑖
𝜕(𝑧)

𝜕𝑦
−

𝜕(2𝑦)

𝜕𝑧
− Ƹ𝑗

𝜕(𝑧)

𝜕𝑥
−

𝜕(𝑥)

𝜕𝑧
+ ෠𝑘

𝜕(2𝑦)

𝜕𝑥
−

𝜕(𝑥)

𝜕𝑦

= 0 Ƹ𝑖 − 0 Ƹ𝑗 + 0෠𝑘 = 0 (Irrotational)

div(curl( Ԧ𝑣)) = div(0) = 0



Problem 2. Compute div Ԧ𝑣 and curl Ԧ𝑣 and verify that div(curl( Ԧ𝑣)) = 0 where

Ԧ𝑣 = 𝑥𝑦 Ƹ𝑖 + 𝑦𝑧 Ƹ𝑗 + 𝑧𝑥෠𝑘

Solution. Here Ԧ𝑣 = 𝑥𝑦 Ƹ𝑖 + 𝑦𝑧 Ƹ𝑗 + 𝑧𝑥෠𝑘

Comparing with: Ԧ𝑣 = 𝑣1 Ƹ𝑖 + 𝑣2 Ƹ𝑗+ 𝑣3 ෠𝑘

𝑣1 = 𝑥𝑦, 𝑣1 = 𝑦𝑧, 𝑣1 = 𝑧𝑥

⇒
𝜕𝑣1

𝜕𝑥
= 𝑦,

𝜕𝑣2

𝜕𝑦
= 𝑧,

𝜕𝑣3

𝜕𝑧
= 𝑥

div Ԧ𝑣 = ∇. Ԧ𝑣 =
𝜕𝑣1

𝜕𝑥
+

𝜕𝑣2

𝜕𝑥
+

𝜕𝑣3

𝜕𝑥

= 𝑦 + 𝑧 + 𝑥



curl Ԧ𝑣 = ∇ × Ԧ𝑣 =

Ƹ𝑖 Ƹ𝑗 ෠𝑘
𝜕

𝜕𝑥

𝜕

𝜕𝑦

𝜕

𝜕𝑧

𝑣1 𝑣2 𝑣3

=

Ƹ𝑖 Ƹ𝑗 ෠𝑘
𝜕

𝜕𝑥

𝜕

𝜕𝑦

𝜕

𝜕𝑧

𝑥𝑦 𝑦𝑧 𝑧𝑥

= Ƹ𝑖
𝜕(𝑧𝑥)

𝜕𝑦
−

𝜕(𝑦𝑧)

𝜕𝑧
− Ƹ𝑗

𝜕(𝑧𝑥)

𝜕𝑥
−

𝜕(𝑥𝑦)

𝜕𝑧
+ ෠𝑘

𝜕(𝑦𝑧)

𝜕𝑥
−

𝜕(𝑥𝑦)

𝜕𝑦

= −𝑦 Ƹ𝑖 − 𝑧 Ƹ𝑗 − 𝑥෠𝑘

div(curl( Ԧ𝑣)) = div(−𝑦 Ƹ𝑖 − 𝑧 Ƹ𝑗 − 𝑥 ෠𝑘) =
𝜕(−𝑦)

𝜕𝑥
+

𝜕(−𝑧)

𝜕𝑦
+

𝜕(−𝑥)

𝜕𝑧

= 0 + 0 + 0 = 0



Problem 3. Compute grad (𝑓) and verify that curl(grad (𝑓)) = 0 where 𝑓 = 𝑥 + 𝑦 − 2𝑧2

Solution. Let 𝑓 𝑥, 𝑦, 𝑧 = 𝑥 + 𝑦 − 2𝑧2

⇒ 𝑓𝑥 = 1, 𝑓𝑦 = 1, 𝑓𝑧 = −4𝑧

Then gradient of scalar field  f  is given by:

grad 𝑓 = ∇𝑓 = 𝑓𝑥 Ƹ𝑖 + 𝑓𝑦 Ƹ𝑗 + 𝑓𝑧 ෠𝑘 = Ƹ𝑖 + Ƹ𝑗 − 4𝑧෠𝑘

curl(grad (𝑓)) =

Ƹ𝑖 Ƹ𝑗 ෠𝑘
𝜕

𝜕𝑥

𝜕

𝜕𝑦

𝜕

𝜕𝑧

1 1 −4𝑧

= 0 Ƹ𝑖 + 0 Ƹ𝑗 + 0෠𝑘 = 0



Problem 4. Compute grad (𝑓) and verify that curl(grad (𝑓)) = 0 where 𝑓 = 16𝑥𝑦3𝑧2

Solution. Let 𝑓 𝑥, 𝑦, 𝑧 = 16𝑥𝑦3𝑧2

⇒ 𝑓𝑥 = 16𝑦3𝑧2, 𝑓𝑦 = 48𝑥𝑦2𝑧2, 𝑓𝑧 = 32𝑥𝑦3𝑧

Then gradient of scalar field  f  is given by:

grad 𝑓 = ∇𝑓 = 𝑓𝑥 Ƹ𝑖 + 𝑓𝑦 Ƹ𝑗 + 𝑓𝑧 ෠𝑘 = 16𝑦3𝑧2 Ƹ𝑖 + 48𝑥𝑦2𝑧2 Ƹ𝑗 + 32𝑥𝑦3𝑧 ෠𝑘

curl(grad (𝑓)) =

Ƹ𝑖 Ƹ𝑗 ෠𝑘
𝜕

𝜕𝑥

𝜕

𝜕𝑦

𝜕

𝜕𝑧

16𝑦3𝑧2 48𝑥𝑦2𝑧2 32𝑥𝑦3𝑧

= 0 Ƹ𝑖 + 0 Ƹ𝑗 + 0෠𝑘 = 0



This Photo by Unknown Author is licensed under CC BY-NC-ND

https://jojofeelings.wordpress.com/2012/02/01/romantic-songs/
https://creativecommons.org/licenses/by-nc-nd/3.0/

